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Previous studies on the anomalous Hall effect in coplanar non-collinear antiferromagnets are
revisited and extended to magneto-optic properties, namely magneto-optic Kerr effect (MOKE)
and X-ray magnetic dichroism (XMCD). Starting from group-theoretical considerations the shape of
the frequency-dependent conductivity tensor for various actual and hypothetical spin configurations
in cubic and hexagonal Mn3X compounds is determined. Calculated MOKE and X-ray dichroism
spectra are used to confirm these findings and to give estimates of the size of the effects. For Mn3IrPt
and Mn3PtRh alloys the concentration dependence of the anomalous and spin Hall conductivity is
studied in addition.
I. INTRODUCTION
The anomalous Hall effect (AHE) in magnetically or-
dered materials is usually considered to scale with the
corresponding magnetization.1–4 The same applies to the
magneto-optical Kerr effect5,6 (MOKE) that is used in
particular to monitor the magnetization dynamics.7,8
While the linear relationship of the AHE and the MOKE
with the magnetization appears plausible, there seems to
be no strict formal justification given for this in the lit-
erature apart from numerical studies based on ab initio
calculations.9 Nevertheless, a sum rule has been derived
that relates the integrated off-diagonal optical conductiv-
ity to the orbital magnetic moment of the material.10,11
The magnetic circular dichroism in X-ray absorption
(XMCD) is very closely related to the MOKE.12 To make
full use of this local magnetic probe several authors have
derived the so-called XMCD sum rules13–15 that allow
for example to deduce from the integrated L2,3-spectra
of 3d-transition metals their spin and orbital magnetic
moments. In line with the sum rules an angular depen-
dency according to cos(mˆ · qˆ) is assumed, where mˆ and qˆ
are the orientation of the local moment probed by XMCD
and that of the incident X-ray beam. This simple relation
implies in particular that in spin-compensated antiferro-
magnetic systems the XMCD should vanish. For such
systems information on the local magnetic moment can
nevertheless be obtained by exploiting the linear mag-
netic X-ray dichroism (XMLD) for which two spectra
with linear polarization parallel and perpendicular to the
local magnetization are recorded.16
In contrast to this situation, Chen et al.17 pointed out
that perfect spin-compensation in an antiferromagnet is
not a sufficient criterion for the AHE to be absent. In fact
these authors give symmetry arguments that the AHE
can indeed occur for example in spin-compensated non-
collinear antiferromagnets as Mn3Ir that is commonly
employed in spin-valve devices. Numerical work by Chen
et al. for Mn3Ir gives in fact a rather large anomalous
Hall conductivity, comparable in size to the values for
Fe, Co, and Ni. Ku¨bler and Felser18 numerically con-
firmed the results of Chen et al. and investigated in addi-
tion the non-collinear antiferromagnetic hexagonal com-
pounds Mn3Ge and Mn3Sn considering various copla-
nar and non-coplanar triangular magnetic configurations.
Also in this case several spin-compensated configurations
were identified that were predicted to exhibit an AHE.
These predictions recently could indeed be experimen-
tally verified in Mn3Sn
19 and Mn3Ge
20,21.
Here one should stress that the occurrence of off-
diagonal anti-symmetric conductivity tensor elements
has been unambiguously determined much earlier. In
particular Kleiner22 gave the space-time symmetry-
restricted tensor forms for the electrical conductivity in
all magnetic solids based on the transformation proper-
ties of the corresponding Kubo formula under the sym-
metry operations of the relevant magnetic group. These
results in particular do not rest on the assumption of
collinear magnetic order or a finite magnetization. More-
over, they apply to the frequency-dependent or optical
conductivity just as well and therefore imply the presence
of MOKE as well as XMCD signals concomitant with
the AHC. The former has been studied in chiral cuprates
based on tight-binding model calculations of the Berry
curvature23 and, using first-principles methods, in cubic
Mn3Ir-type compounds
24. The symmetry criteria for the
presence of the spin Hall effect (SHE) have recently been
given by the present authors25, extending the approach
by Kleiner22 to more complex situations. The SHE in
non-collinear antiferromagnets is currently the subject of
intensive theoretical efforts26–29 and has been observed
in experiments on Mn3Ir
30 via its contribution to the
so-called spin-orbit torque. Due to the identical trans-
formation properties of electronic charge and heat cur-
rent operators22,25 the occurrence of AHE and SHE imply
the existence of corresponding thermally-induced effects,
the anomalous and spin Nernst effects. These have been
studied in hexagonal Mn3X (X = Sn, Ge, Ga) using
the Berry curvature approach and a Mott-like formula.31
The anomalous Nernst effect has recently been observed
experimentally in Mn3Sn.
32 Of particular current inter-
est in the thriving field of non-collinear magnetism is the
occurrence of chirality-induced or so-called topological ef-
fects arising from the emergent electromagnetic field cre-
ated by a non-trivial real- or reciprocal-space texture.33
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2This will be the subject of another publication.34
In the following we present a theoretical study on
the transverse transport and optical properties of non-
collinear coplanar antiferromagnets. The next section
(II) gives a brief overview on the theoretical framework
and methods applied. The major part of this contribu-
tion is devoted to results for the cubic prototype system
Mn3Ir in section III and a number of possible magnetic
configurations of hexagonal Mn3Ge in section IV.
II. THEORETICAL FRAMEWORK
A. Magnetic symmetry and shape of the
conductivity tensor
For the specific case of Mn3Ir the occurrence of a non-
vanishing AHE was predicted by Chen et al.17 by explic-
itly considering Kagome-type sub-lattices occupied by
Mn-atoms with triangular antiferromagnetic order (see
below) in combination with a suitable model Hamilto-
nian. A more general scheme to search for a finite AHE
in spin-compensated systems is to use Kleiner’s tables
that give among others the shape of the frequency depen-
dent conductivity tensor σ(ω) for any material.22 These
tables were constructed by starting from Kubo’s linear
response formalism and making use of the behavior of
the current density operator under all symmetry opera-
tions of the relevant magnetic space group. It turns out
that only the magnetic Laue group of a material has to
be known to fix unambiguously the shape of σ(ω). Un-
fortunately, Kleiner22 used an old definition for the Laue
group that is obtained by removing the inversion from
all improper symmetry operations of the magnetic point
group leading to the magnetic Laue Group 32′ in the case
of Mn3Ir.
22 With the (magnetic) Laue group defined35 to
be the (magnetic) point group artificially extended by the
inversion one is led to the magnetic Laue group 3m′ in-
stead. Kleiner’s tables have been updated recently by
Seemann et al.25 to account in particular for the revised
definition of the magnetic Laue group.
Having determined the magnetic Laue group of a solid
–for this purpose the program FINDSYM36,37 was used
here– the specific shape of its conductivity tensor σ(ω)
can be read from these tables. The presence of an anti-
symmetric part for the off-diagonal tensor elements in
particular indicates the simultaneous occurrence of the
AHE, the MOKE as well as the XMCD (see below).
B. First-principles calculations of the anomalous
Hall effect, the magneto-optical Kerr effect and the
X-ray magnetic dichroism
The qualitative investigations on the occurrence of the
AHE, the MOKE and XMCD of various materials pre-
sented below, had been complemented by corresponding
numerical work. The underlying electronic structure cal-
culations have been done within the framework of rel-
ativistic spin density functional theory with the corre-
sponding Dirac Hamiltonian given by:38
HD = cα · ~p+ βmc2 + V (~r) + βΣzB(~r) . (1)
Here all quantities have their usual meaning39, with
the spin-averaged and spin-dependent exchange corre-
lation contributions V¯xc(~r) and Beff(~r), respectively, to
the effective potential V (~r) set up using the parametriza-
tion of Vosko et al.40. To deal with the resulting four-
component Dirac equation the spin-polarized relativis-
tic (SPR) formulations of the Korringa-Kohn-Rostoker
(KKR)41,42 and linear-muffin-tin-orbital (LMTO)43–45
methods have been used. With the electronic Green
Function G+(~r, ~r ′, E) supplied by the SPR-KKR method
the dc-conductivity tensor σ has been evaluated on the
basis of the Kubo-Strˇeda equation:46
σxy =
~
4piNΩ
Trace
〈
jˆx(G
+ −G−)jˆyG−
−jˆxG+jˆy(G+ −G−)
〉
c
+
e
4piiNΩ
Trace
〈
(G+ −G−)(rˆxjˆy − rˆyjˆx)
〉
c
.(2)
See for example Ref. 47 concerning the implementation
of this expression.
The optical conductivity tensor σ(ω) for finite frequen-
cies, on the other hand, has been determined using the
SPR-LMTO method and the standard expression for the
absorptive part of the diagonal and off-diagonal tensor
elements, σ1λλ(ω) and σ
2
λλ′(ω), respectively:
12,48,49
σ1λλ(ω) =
pie2
~ωm2V
∑
j′~k occ.
j~k unocc.
|Πλjj′ |2δ(ω − ωjj′) (3)
σ2λλ′(ω) =
pie2
~ωm2V
∑
j′~k occ.
j~k unocc.
=
(
Πλj′jΠ
λ′
jj′
)
δ(ω − ωjj′)
(4)
with the matrix elements Πλj′j = 〈φj′~k|Hλ|φj~k〉 of the
Bloch states |φj~k〉 and their energy difference ωjj′ =
Ej~k−Ej′~k. The dispersive part was determined in a sec-
ond step by means of a Kramers-Kronig transformation.
With the full tensor σ(ω) available, the Kerr rotation an-
gle θK was obtained from the standard expression:
12,49
θK ' <
 σxy(ω)
σxx(ω)
√
1− 4piiω σxx(ω)
 , (5)
that clearly shows that the Kerr rotation – as the Kerr
ellipticity – is directly connected with the off-diagonal
element σxy(ω) of the conductivity tensor.
3FIG. 1. Left: Cubic unit cell of Mn3Ir in the triangular an-
tiferromagnetic structure. Ir atoms are colored in gold (light
gray), Mn atoms in purple (dark gray). Black arrows indi-
cate the direction of the magnetic moments on the Mn sites,
the gray-shaded surface marks the (111) plane. Right: View
along [111] on the Kagome planes, Mn atoms and moments
in alternating layers are colored in red and blue.51
Finally, the X-ray absorption coefficients µλ(ω) for
polarization λ have been calculated using the SPR-
KKR Green function method on the basis of the
expression:12,50
µλ(ω) ∝
∑
i occ
〈Φi|H†λ =G+(Ei+~ω)Hλ|Φi〉 θ(Ei+~ω−EF) ,
(6)
where the functions Φi represent the probed core states
i at energy Ei and EF is the Fermi energy.
The corresponding XMCD signal ∆µ(ω) = 12 (µ+(ω)−
µ−(ω)) is defined as the difference in absorption for left
and right circularly polarized radiation. Expressing the
absorption coefficient µλ(ω) in terms of the absorptive
part of the corresponding conductivity tensor element:12
µλ(ω) =
4pi
c
σ1λ(ω) , (7)
with σλ given by
σ±(ω) =
√
1/2 (σxx(ω)± iσxy(ω)) , (8)
one sees immediately that the occurrence of the off-
diagonal element σxy(ω) implies the occurrence of a
XMCD signal ∆µ(ω).
III. CUBIC Mn3Ir
The structure and magnetic configuration of Mn3Ir is
given in Fig. 1 showing a non-collinear antiferromagnetic
spin arrangement. The Mn moments are lying in the
{111} planes of the underlying Cu3Au (L12) lattice and
are oriented along the 〈112〉 directions, forming a Kagome
lattice of corner-sharing triangles. Calculated values for
spin and orbital moments are given in Table I. Obviously,
the magnetic moment of the Mn atoms is dominated by
the spin contribution. For Ir on the other hand the very
small induced moment is primarily due to its orbital part.
The magnetic structure leads to the magnetic space
group R3m′ that has to be considered instead of the
µspin(µB) µorb.(µB) µˆ
Mn 2.849 0.066 〈112〉
Ir -0.001 -0.033 [111]
tot. -0.001 -0.033 [111]
TABLE I. Spin and orbital magnetic moments of Mn3Ir,
atomic type-resolved as well as total values are given in units
of µB. Their directions are given in the last column.
space group Pm3m (221) of the Cu3Au structure. The
magnetic point group corresponding to R3m′ is 3m′ and
independent of the definition used for the magnetic Laue
group, this implies the following shape of the conductiv-
ity tensor:
σ(ω) =
 σxx(ω) σxy(ω) 0−σxy(ω) σxx(ω) 0
0 0 σzz(ω)
 . (9)
Here the indices refer to a coordinate system that is con-
form with the symmetry of the system having the z-axis
along the conventional [111]-direction of the cubic Cu3Au
(L12) lattice, while the x- and y-axes lie in the {111}-
plane. Strictly spoken, our self-consistent calculations
give the Mn magnetic moment slightly tilted from the
{111} plane by ∆θ = 0.03◦. This small tilting does not
change the symmetry of the system and has only little
influence on the transport properties. For that reason it
was not taken into account when performing the trans-
port calculations.
Obviously, σ(ω) has exactly the same shape as any
fcc or bcc ferromagnetic material with the magnetization
along the z-axis that coincides with the [001]-direction.12
This implies that any gyro-magnetic and magneto-optical
phenomena occurring for this well-known situation will
also be present for the non-collinear antiferromagnet
Mn3Ir. For the corresponding spin conductivity tensor
shapes see Ref. 25.
A. Anomalous and spin Hall effect
In the DC-limit (ω = 0) the conductivity tensor σ(ω)
given by Eq. (9) becomes real. For pure systems the diag-
onal elements representing longitudinal conductivity di-
verge for T = 0 K, while the off-diagonal anomalous Hall
conductivity (AHC) σxy = −σyx stays finite. Chen et
al.17 calculated the AHC using an expression in terms of
the Berry curvature. Their result σAH = 218 (Ω·cm)−1 is
comparable in size with that for the ferromagnets Fe, Co,
and Ni. In the present work the Kubo-Strˇeda linear re-
sponse formalism46,47,52 was used, that for pure systems
is completely equivalent to the Berry curvature approach.
The values obtained for the intrinsic anomalous and
spin Hall conductivities at T = 0 K in pure Mn3X with
X = Ir, Pt, and Rh using the Kubo-Strˇeda formula are
collected in Table II. For the AHC in Mn3Ir reason-
able agreement with previous results by Chen et al.17
4AHC SHC
Mn3Rh -85 -125
Mn3Ir -280 -230
Mn3Pt -360 -250
TABLE II. Anomalous and spin Hall conductivities, AHC =
σxy and SHC = σ
z
xy, respectively, for pure cubic Mn3X com-
pounds with X = Rh, Ir, and Pt in units of (Ω·cm)−1. The z
direction corresponds to the cubic [111] direction perpendic-
ular to the Kagome planes. Results are obtained using the
Kubo-Strˇeda formula.
(|218| (Ω·cm)−1) and Zhang et al.27 (-312 (Ω·cm)−1) is
achieved. The clear trend of increasing AHC as well
as SHC with atomic number is however in disagreement
with the findings of the latter authors.
Figure 2 shows results for the concentration depen-
dence of the AHC in Mn3Ir1−xPtx (top) as well as for
AHC and SHC in Mn3Rh1−xPtx (middle and bottom,
respectively). While for σxy in Mn3Ir1−xPtx the usual
divergence of the values including vertex corrections is
found, followed by a non-trivial concentration depen-
dence, in Mn3Rh1−xPtx the impact of these is large for
the whole investigated range. The spin Hall conduc-
tivity in this system behaves very similar to its charge
counterpart. The fact that both conductivities without
vertex corrections (NV) do not clearly converge towards
the intrinsic values when approaching the dilute limits
x → 0/1 still has to be clarified. For AHC and SHC in
Mn3Rh1−xPtx an almost linear increase with increasing
concentration of the heavier alloy partner Pt can be ob-
served, the intrinsic contribution (NV) in particular for
the AHC however appears to behave again non-trivially
for intermediate concentrations.
B. Magneto-optical Kerr effect (MOKE)
For finite frequencies the absorptive part of the corre-
sponding optical conductivity tensor σ(ω) has been cal-
culated in the energy regime ~ω = 0 − 10 eV using the
fully relativistic LMTO band structure method.43–45 Fig-
ure 3 (top) shows the corresponding real parts of the opti-
cal conductivity, σ1ii(ω). A reasonable qualitative agree-
ment with earlier theoretical work by Feng et al.24 is
found. The small difference between σ1xx(ω) = σ
1
yy(ω)
and σ1zz(ω) obviously reflects the anisotropy of the sys-
tem due to the underlying lattice structure as well as the
magnetic ordering. Accordingly it will give rise to corre-
sponding magneto-optical phenomena.12 As a reference,
Fig. 3 (top) gives also corresponding results for ferro-
magnetic bcc-Fe. In this case the anisotropy, i.e., the
difference between σ1xx(ω) and σ
1
zz(ω), is only due to the
magnetic ordering. As it is much less pronounced than
for Mn3Ir only σ
1
xx(ω) is given.
Figure 3 (middle) shows the imaginary part of the
off-diagonal transverse optical conductivity, σ2xy, that
is the counterpart to the AHC and that in particular
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FIG. 2. Anomalous Hall conductivity of Mn3Ir1−xPtx (top)
and Mn3Rh1−xPtx (middle) as well as spin Hall conductivity
of Mn3Rh1−xPtx alloys (bottom) as a function of concentra-
tion x. Open symbols are results excluding vertex corrections
(NV) and filled symbols such including them (VC), see text
for details. The intrinsic values of the pure compounds are
shown in addition. All results were obtained using the Kubo-
Strˇeda formula.
gives rise to the polar Kerr rotation. Interestingly, σ2xy
for Mn3Ir is in the same order of magnitude as for
ferromagnetic Fe. Accordingly one finds θK of Mn3Ir
and Fe to be comparable in magnitude (see bottom
panel of Fig. 3). Again reasonable qualitative agreement
with Ref. 24 is found.
C. X-ray absorption spectroscopy
Fig. 4 (upper panel) shows results of calculations for
the X-ray absorption coefficient µ¯ = 12 (µ+ + µ−) at the
Mn L2,3-edges for polarization-averaged radiation. These
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FIG. 3. Absorptive part of the optical conductivity tensor
elements σ1xx, σ
1
zz (top) and σ
2
xy (middle) of Mn3Ir (full lines)
together with the Kerr rotation angle θK (bottom). In addi-
tion, corresponding results for ferromagnetic bcc-Fe are given
(dashed lines).
spectra show the typical L2,3-edges of a 3d transition
metal shifted against each other by the spin-orbit split-
ting of the 2p core states. The two curves shown have
been obtained for the radiation wave vector ~qrad along the
[111]-direction and along the direction mˆMn of the mag-
netic moment of one of the three equivalent Mn-atoms
in the unit cell. Similar to σ1xx and σ
1
zz in the optical
regime discussed above the difference is quite small, i.e.,
only a weak anisotropy occurs. The lower panel of Fig. 4
gives the corresponding XMCD curves ∆µ. For the po-
lar geometry ~qrad ‖ mˆMn with the artificial restriction to
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FIG. 4. Total absorption coefficient µ¯ at the L2,3-edge of
a single Mn atom of non-collinear antiferromagnetic Mn3Ir
(top) and corresponding circular dichroism spectra ∆µ (bot-
tom), both for incidence ~qrad perpendicular (along [111]) and
polar w.r.t. the magnetization direction.
one of the Mn sites the highest XMCD signal can be ex-
pected. Indeed for the L3-edge about 20 % is found for
the ratio ∆µ/µ¯. This is the typical order of magnitude
found in ferromagnetic transition metals.12 Considering
instead the geometry ~qrad ‖ [111] with the X-ray beam
perpendicular to the Mn magnetic moments, no XMCD
signal is expected following the standard arguments.12 In
contrast to this, Fig. 4 (lower panel) clearly shows that
there is indeed a finite XMCD present as one had to ex-
pect on the basis of Eqs. (7), (8) and (9). In addition
one has to emphasize that the individual XMCD for the
three Mn sites are identical, i.e., they do not compen-
sate each other as in the case of ~qrad ‖ mˆMn but add up.
Comparing the two XMCD spectra in Fig. 4 one notes
that ∆µ for ~qrad ‖ [111] is very similar in shape to that
for ~qrad ‖ mˆMn but about one order of magnitude smaller
in amplitude. Nevertheless, this implies that it should
be possible to detect this XMCD signal in experiment
provided one domain dominates in the regime exposed
to the X-ray beam (see also comment by Chen et al.17).
In the top panel of Figure 5 the difference in total
absorption ∆µ¯ = µ¯i − µ¯j with µ¯i = 12 (µi,+ + µi,−) for
incidence along pairs of high symmetry directions (i, j =
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FIG. 5. Top: Differential polarization-averaged X-
ray absorption spectra ∆µ¯ comparing incidence along high-
symmetry directions in Mn3Ir. Bottom: X-ray magnetic cir-
cular dichroism (XMCD) spectra ∆µ in Mn3Ir for incidence
along the same directions as in the top panel.
x, y, z) and along intermediate directions (i = xy, xz, yz)
compared to the corresponding linear combinations of x,
y, z is shown. Note that in contrast to the conventional
X-ray magnetic linear dichroism, here the polarization of
the incoming light is not rotated. The Cartesian direc-
tions x and y were chosen to be in the (111) plane (indi-
cated in gray in Figure 1), i.e., corresponding to the crys-
tallographic directions [112¯] (x) and [1¯10] (y) of the cu-
bic unit cell, while z is parallel to the [111] direction (the
space diagonal of the cubic unit cell shown in Fig. 1). As
can be seen, the absorption is isotropic in the (111) plane
(µ¯x = µ¯y), but different for incidence perpendicular to it,
i.e., along the [111] direction (µ¯z 6= µ¯x). This agrees with
the diagonal elements of the tensor in Eq. (9), since the
first two elements are identical, σxx = σyy, and different
from the third (σzz). Furthermore the absorption for in-
termediate directions (xy, xz and yz) can be described by
a linear combination of the absorption coefficients along
Cartesian axes, such as e.g. µ¯xz =
1
2 (µ¯x + µ¯z), i.e., no
symmetric off-diagonal elements are present in the ab-
sorption tensor. In the lower panel of Fig. 5 the circular
dichroism for several directions of incidence is compared.
Again the results are in agreement with the tensor shape
of Eq. (9), inasmuch that the only linearly independent
non-zero anti-symmetric tensor element is ∆µz, corre-
sponding to σxy = −σyx.
IV. HEXAGONAL Mn3Ge
A. Magnetic structure and symmetry
The hexagonal Mn3Ge compound crystallizes, as its
siblings Mn3Sn and Mn3Ga, in the D019 structure with
space group P63/mmc (194). The non-magnetic unit cell
is shown in Fig. 6 and will be labeled NM in the following.
The Mn atoms on the Wyckoff positions 6h in the {0001}
planes colored in magenta (dark gray) form triangular,
so-called Kagome lattices, stacked alternatingly along the
[0001] (z) direction. Ge atoms occupying the Wyckoff
positions 2h are colored in light gray.
FIG. 6. Non-magnetic unit cell of Mn3Ge in space group
P63/mmc (194). Mn atoms on the Wyckoff positions 6h are
colored in magenta (dark grey) and Ge atoms (Wyckoff posi-
tions 2h) are colored in light gray.51
A number of non-collinear but coplanar antiferromag-
netic alignments of the moments in the two Kagome sub-
lattices have been discussed for Mn3Ge and related com-
pounds in the literature.18,53–57 These are collected in
Figure 7 together with further, hypothetical spin com-
pensated structures.
The structure AFM0 has the same spin arrangement
in both Kagome planes with the Mn moments pointing
alternatingly towards the center of the corner-sharing tri-
angles or away from it. The two sub-lattices are con-
nected by a 63 operation, i.e., a rotation around [0001] (z)
by 60◦ combined with a translation along z by half of the
corresponding lattice constant. This leads to a bipartite,
globally chiral lattice with the non-magnetic Laue group
6/mmm1′. It corresponds to Fig. 3(a) of Ref. 57. The
structures AFM1-4 have been discussed by Ku¨bler and
Felser18, see Figs. 2, 3(a), 3(b), and 5 therein. The struc-
ture AFM3 is reported to be obtained by a self-consistent
calculation starting from AFM2. An anomalous Hall ef-
fect has been predicted for AFM3 and AFM4 by these au-
thors, as well as for an additional non-coplanar structure
which will not be discussed herein. The structures AFM5
7FIG. 7. Antiferromagnetic structures of Mn3Ge, AFMi with i = 0...19, discussed in this contribution.
51
and AFM6 are obtained from AFM0 by rotating all mo-
ments in the Kagome planes by 30◦, counterclockwise and
clockwise, respectively. AFM7, AFM8, and AFM10 are
hypothetical structures. AFM9 is obtained from AFM0
by reversing the moments in one Kagome layer (here
the one in blue), leading to opposite chirality in the two
planes and global inversion symmetry. The sub-lattices
are connected by 6′3, i.e., a screw rotation in combina-
tion with time reversal. It corresponds to Fig. 3(b) of
Ref. 57. The structures AFM11 and AFM12 are 60◦
and 90◦ clockwise rotations of all moments in AFM0.
AFM13 and AFM14 have been proposed in Ref. 20, the
first experimental verification of an anomalous Hall ef-
fect in Mn3Ge. AFM13 should furthermore correspond
to the magnetic structure of Mn3Sn in Ref. 19, the very
first reported observation of the AHE in a non-collinear
antiferromagnet of the hexagonal Mn3X Heusler type. In
AFM15, AFM16, and AFM17 the moments are 30◦, 60◦,
and 90◦ clockwise rotated w.r.t. AFM9. Finally, AFM18
and AFM19 are proposed in Refs. 21, 27–29, and 58, the
latter of the two has been reported by Zhang et al.57 to
be the most stable for Mn3X (X = Ga, Sn, Ge) based on
DFT calculations. One should stress here again, that all
of the above magnetic structures are coplanar and fully
spin-compensated, i.e., no weak ferromagnetism59 due to
an out-of-plane rotation is taken into account here.
The magnetic space and Laue groups corresponding
to the structures in Figs. 6 and 7 as well as of a ferro-
magnetic alignment of the Mn moments along the [0001]
direction are given in Table III. For convenience also the
magnetic Laue group following the definition of Kleiner22
is given in parentheses. As can be seen, a number of
structures have the same magnetic space group and more-
over a number of these lead to the same magnetic Laue
groups.
The corresponding symmetry-restricted tensor shapes
are:22,25
σNM =
 σxx 0 00 σxx 0
0 0 σzz
 (10)
8label magn. space group magn. Laue group
NM P63/mmc 6/mmm1
′ (6221′)
FM P63/mm
′c′ 6/mm′m′ (62′2′)
AFM0 P63/m
′m′c′ 6/mmm1′ (6221′)
AFM1 Am′m′2 m′m′m (2′2′2)
AFM2 P 6¯′2c′ 6′/m′mm′ (6′22′)
AFM3 Pm′ 2′/m′ (2′)
AFM4 Am′m′2 m′m′m (2′2′2)
AFM5 P63/m
′ 6/m1′ (61′)
AFM6 P63/m
′ 6/m1′ (61′)
AFM7 Am′a′2 m′m′m (2′2′2)
AFM8 Cm′c′m′ mmm1′ (2221′)
AFM9 P6′3/m
′m′c 6′/m′m′m (6′22′)
AFM10 Pm′ 2′/m′ (2′)
AFM11 P63/m
′ 6/m1′ (61′)
AFM12 P63/m
′mc 6/mmm1′ (6221′)
AFM13 Cmc′m′ mm′m′ (2′2′2)
AFM14 Cm′cm′ m′mm′ (2′22′)
AFM15 P6′3/m
′ 6′/m′ (6′)
AFM16 P6′3/m
′ 6′/m′ (6′)
AFM17 P6′3/m
′mc′ 6′/m′mm′ (6′22′)
AFM18 Cm′cm′ m′mm′ (2′22′)
AFM19 Cm′cm′ m′mm′ (2′22′)
TABLE III. Magnetic space and Laue groups of the mag-
netic structures shown in Fig. 7, as well as of the non-magnetic
unit cell in Fig. 6 (NM) and a ferromagnetic structure (FM)
with all moments along the [0001] direction. The magnetic
Laue groups are given following the definition introduced by
the present authors25 as well as the one used by Kleiner22
(in parentheses). The conventional setting concerning the se-
quence of generators is used for the space groups and carried
over to point and Laue groups.60
σFM =
 σxx σxy 0−σxy σxx 0
0 0 σzz
 (11)
σAFM0,2,5,6,9,11,12,15,16,17 =
 σxx 0 00 σxx 0
0 0 σzz
 (12)
σAFM1,4,13,18,19 =
 σxx 0 σxz0 σyy 0
−σxz 0 σzz
 (13)
σAFM3,10 =
 σxx σxy σxzσxy σyy σyz
−σxz −σyz σzz
 (14)
σAFM7,AFM14 =
 σxx 0 00 σyy σxz
0 −σxz σzz
 (15)
σAFM8 =
 σxx 0 00 σyy 0
0 0 σzz
 . (16)
In fact, for the twenty actual and hypothetical struc-
tures in Fig. 7 obviously only four different tensor shapes
are found: a) The non-magnetic shape of Eq. (10)
with the crystallographic anisotropy σxx = σyy 6= σzz
that applies for a number of antiferromagnetic struc-
tures [see Eq. (12)], b) the ferromagnetic shape of
Eq. (11) with an additional off-diagonal anti-symmetric
element representing the AHE. This is found again for
five antiferromagnetic structures in Eq. (13) and two
others in Eq. (15), only with different principal axes,
c) the full tensor with two anomalous Hall conduc-
tivities in Eq. (14), and finally d) the diagonal fully
anisotropic form of AFM8 in Eq. (16). Note that all
configurations assumed in experimental (AFM1319,20,
AFM1420,21, AFM18/1921) as well as theoretical (AFM1-
418, AFM18/1927–29,58) investigations on the anomalous
Hall effect in hexagonal Mn3X compounds are found to
exhibit at least one off-diagonal anti-symmetric element
of σ, with the exception of AFM1 for which no AHE is
predicted in Ref. 18.
Corresponding tensor forms for direct and inverse spin
conductivity can be found in Ref. 25, those for the spin-
orbit torkance and the Edelstein polarization in chiral
structures are given in Refs. 61 and 62, respectively.
B. X-ray absorption spectroscopy
The tensor shapes presented above were confirmed for
selected representative cases using first-principles calcu-
lations of X-ray absorption spectra for circularly polar-
ized light. Figures 8-11 show for the structures AFM1-4
the difference in polarization-averaged spectra, ∆µ¯, along
high-symmetry (Cartesian and intermediate) directions
in the top panels and the corresponding spectra giving
the difference in absorption for left and right circularly
polarized X-rays, the XMCD signals, in the bottom pan-
els. As stated above (see section III C), a finite ∆µ¯ signal
in the upper panels of Figs. 8-11 indicates an anisotropy
in the symmetric part of the optical conductivity ten-
sor, i.e., a difference on the diagonal and/or presence of
symmetric contributions to off-diagonal elements. For
the XMCD spectra in the lower panel a finite signal ∆µ
along a Cartesian direction i confirms the presence of
anti-symmetric off-diagonal elements of σ(ω) with indices
j, k 6= i. Moreover, an XMCD for incidence along inter-
mediate directions 〈110〉 is in all cases, if present, found
to be a linear combination of the corresponding signals
for incidence along the Cartesian axes. Taken together, in
all four cases the predicted tensor shapes are confirmed.
V. CONCLUSIONS
Based on general and model-independent symme-
try arguments for the occurrence of galvano-magnetic
and magneto-optical phenomena in materials with arbi-
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trary magnetic order, the implications of in particular
off-diagonal anti-symmetric elements of the frequency-
dependent conductivity tensor in the coplanar non-
collinear antiferromagnets Mn3X with X = Ir and Ge
have been investigated. For the cubic Mn3Ir-type com-
pound the results of first-principles Kubo linear response
calculations of the anomalous and spin Hall conductivi-
ties could be shown to be in reasonable agreement with
previous findings. In addition the concentration depen-
dence of the anomalous and spin Hall effects in substi-
tutionally disordered alloys is found to be non-trivial in
particular concerning the AHE. A clear increase of the
intrinsic values for both, AHE and SHE, with increasing
atomic number in the pure compounds Mn3Rh, Mn3Ir,
and Mn3Pt is however in accordance with expectations
concerning the relevance of spin-orbit coupling. The
magneto-optical properties of pure Mn3Ir are again found
to be in agreement with the shape of the optical conduc-
tivity tensor as well as with previous theoretical work.
Comparison with corresponding results for the diagonal
and off-diagonal optical conductivities in bcc Fe moreover
shows that the magneto-optical Kerr effect is of compara-
ble magnitude in both. Calculated polarization-averaged
X-ray absorption and magnetic circular dichroism spec-
tra confirm expectations concerning their symmetry and
in addition the size of the XMCD signal suggests the
possibility of experimental confirmation. For the hexag-
onal Heusler compound Mn3Ge a number of proposed as
well as additional hypothetical spin-compensated non-
collinear configurations has been studied w.r.t. to mag-
netic symmetry and consequent electrical conductivity
tensor shape. The occurrence of at least one indepen-
dent anomalous Hall conductivity can be confirmed for
all magnetic structures usually assumed in the experi-
mental and theoretical literature. For selected repre-
sentative cases the tensor shapes have been confirmed
by supplementary X-ray absorption spectroscopy calcu-
lations. The implications of a non-coplanar spin texture
in chiral and achiral magnetic structures of Mn3Ge on the
linear response properties will be discussed in a separate
contribution.34
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